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ABSTRACT 
A criterion in order that a Banach lattice contains an order isometric copy of I” is given. The cri- 
terion is strongly connected with the theory of M-ideals. 
INTRODUCTION 
Lozanovskii [L] has proved that a Banach lattice E contains an order iso- 
morphic copy of I” if and only if E is not order continuous (see also [ABI], 
Theorem 14.4). Partington [Pl] has shown that any Banach space isomorphic to 
i”(s), where S is uncountable, contains a subspace isometric to I”. The same 
author in [P2] has proved that any Banach space isomorphic to I”/cs contains 
a subspace isometric to 1 x which strengthens the result of Bourgain [B] which 
says that l”/cs cannot be renormed to be rotund. Also in [PZ] it has been 
proved that any Banach space isomorphic to I” contains subspaces arbitrarily 
nearly isometric to I^ (see also [HM]). It is known that Banach lattices which 
are not order continuous need not contain an order isometric copy of lx. 
Namely, any Orlicz space L@ corresponding to an Orlicz function @ which 
vanishes only at zero and does not satisfy the suitable growth condition A, is 
strictly monotone (see [HK]), i.e. \].I]] < ]]y]] whenever 0 < x 5 4’ and s # J’, if it 
is considered with the Orlicz norm. However, by the above Lozanovskii result 
it contains an order isomorphic copy of e” because it is not order continuous 
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(see [Cl). Note also that Banach lattices which are not order continuous need 
not contain an isomorphically isometric copy of lx even if the copy need not 
be an order copy. Namely, if @ is an Orlicz function which is strictly convex on 
the whole real line and satisfies (@(u)/u) --f 0 as u + 0 and (@(U/U) + +oc as 
u + +oo, then the Orlicz space .L@ equipped with the Orlicz norm is strictly 
convex (see [Cl). So, it cannot contain an isomorphically isometric copy of P”, 
although it contains an order isomorphic copy whenever @does not satisfy the 
suitable &-condition. 
In this paper we examine the problem which Banach lattices contain closed 
sublattices order isometric to IX. A mapping P from IX onto a closed subspace 
Fof a Banach lattice (E, 11 IIE) with a partial order ‘5’ is said to be an order 
isometry if it is a linear isometry such that Ps > 0 iff 0 5 .Y E 1 X. 
In the sequel the triple (L?, C, 1~) denotes a complete, g-finite measure space, 
L” = Lo(p) denotes the space of all (equivalence classes of) C-measurable real 
functions defined on R. The couple (E. 11 llE) d enotes a Banach function lattice, 
i.e. E is a nontrivial subspace of Lo equipped with a norm 11 IIE under which it is 
a Banach space and satisfies the following condition: 
0) if x E E,_r E Lo and 1~1 5 1.~1 p-a.e., then _r E E and I/,PII~ 5 IIxIIE. 
Condition (i) says that E is an ideal in Lo. For any s E Lo we define the support 
of .Y by supp .Y = {t E R : .x(t) # 0). By supp E we mean the support of E, i.e. 
supp E is the smallest set A in C such that .~l,,\,~ = 0 for any .Y E E, where 1~ 
stands for the characteristic function of A. A subspace F of E is said to be a 
sublattice of E if Fequipped with the norm 11 IIE induced from E is a Banach 
lattice. 
A Banach space E is said to be a Banach lattice if there is in X a partial order 
< such that if .u,y E X and 1.~1 5 jyl, then llxll I II_vII. As usual, 1.~1 denotes the 
absolute value of x in E. All the definitions concerning E that we shall give in 
the following can be found in [ABl], [AB2], [D] and [KA]. E is said to be 
monotonically complete (MC for short) if for any sequence (x,,) in E and x E E 
if sup x,, = .Y, 0 5 sI < ~2 2 . . and s,, 5 .Y for all n E N there holds ll,~~]~ 4 II.YII 
as I;‘+ 03. We say an element x E E is order continuous if for any sequence (s,,) 
in E such that 0 < _Y,~ < 1.~1 for all n E IV, XI > .YZ > and inf x, = 0 there 
holds I/x,,II -+ 0 as n + w. The sublattice of all order continuous elements in E 
is denoted by E,. E is said to be order continuous (OC for short) if E, = E. E is 
said to be a-Dedekind complete ((T-DC for short) if for any sequence (x,,) such 
that for some x E E, we have 0 5 x,, 5 x for all n E FU, there is sup x,, in E. E is 
said to be super a-Dedekind complete (so-DC for short), if it :s a-Dedekind 
complete and for any A c E such that sup A E E there is a sequence (x,,) in A 
such that sup X, = sup A (see [AB2]). 
If I is an” ideal in E, i.e. if .Y E E, y E I and 1x1 5 lyl, then .Y E I, we define 
I” = {.Y E E: Ix/ A 1~~1 = 0 for any 4’ E I}. If E is a Banach lattice which is super 
a-Dedekind complete and (E,:‘)d = E, then for any 0 < s E E there is a se- 
quence (s,,) in (E,,), (the positive cone in E,) such that x,, A x,,, = 0 for m # n 
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and .Y = sup X, (see [AB2], p. 172). Note that Banach function lattices E over a 
n-finite mgasure space are super a-Dedekind complete (see [KA], Theorem 17, 
p. 68) and satisfy (Ei)” = E whenever supp E, = supp E. So every Banach 
function lattice has the above ‘decomposition property’. 
Let E* denote the dual space of a Banach lattice E. It is well known (see [KA]) 
that 
E* = (EC,)* @ (EI&)* 
whenever (E,:‘)” = E and that (E,)* consists of all order continuous func- 
tionals, i.e. .Y* E E’ belongs to (E,)’ iff x*(x,,) + 0 for any sequence (.Y,,) in 
E+ such that 0 < x,, < x E E for all n E IV, XI > .Q > and inf s,, = 0. 
The functionals from (E/E,)* are called singular. It is well k&wn that 
.Y* E (E/E,)* iff x* E E* and s*(x) = 0 for any x E E,. If E is a Banach function 
lattice such that supp E, = supp E, then (E/E,)* coincide with the K&he dual 
E’ of E, where 
E’ = {s E Lo : 
.I 
1.~1 I~*ldp < +cc for all J’ E E} (! 
(see [KA]). 
Recall that a subspace F of a Banach space E is called an M-ideal (see 
[HWW] and [LORW]) if there is a linear projection P from E’ onto F’ = 
{Y* E E* : X*(Y) = 0 V.x E F} satisfying 
]]x*]] = IIPx*II + llx* - Ps’ll V’s’ E E’. 
It is well known that co is an M-ideal in its bidual J?“. Moreover, every proper 
M-deal in a Banach space contains a closed subspace isomorphic to CO; how- 
ever this copy of ~0 need not be an isometric copy (see [HWW], Theorem 4.7). It 
is obvious that if E is a Banach lattice, then E,, is an M-ideal in E iff for any 
.Y* = .Yi + .uT E E”, where .ui E (EC,)* and x; E (E/E,,)* there holds 
II-~*// = II411 + lI-~Ill. 
There are known Banach lattices E in which E, are M-ideals as well as such 
Banach lattices E in which E, are not M-ideals. For example, if E is an Orlicz 
space equipped with the Luxemburg norm, (L@), is an M-ideal in L@. However. 
if L@ are equipped with the Orlicz norm, excluding some limit cases, (L@)(, are 
not M-ideals in L* (see [CH]). 
RESULTS 
We start with the following result which is an isometric version of Theorem 
4.14.4 in [ABl]. 
Theorem 1. A Banach lattice E which is a-DC contains an order isometric copy of 
Ix if and only if there exists in E a sequence (z,,) of positive elements which are 
pairwise orthogonal, i.e. z,, A z, = 0 if m # n, such that /I-_,,lJ = 1 ,fbr n = 
1.2. . szp Z, exists in E and II syp z,,]] = 1. 
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Proof. Suficiency. Define P: C” + E by 
Px = sup X,,Z,, 
II 
for x = (.Y,,),:= , E l; and Ps = Px, - P.x_ for any .Y E eX, where x+ and s 
are the positive and negative parts of X, respectively. Then P is a linear one-to- 
one operator. By a-Dedekind completeness of E and pairwise orthogonality of 
L,, 3 P is a linear operator. It is obvious that it is positive and so order preserving 
as well. It is enough to show that P is an isometry on e+“. If x E l+“, then 
whence l[Pxjl 5 IIxIIX. On the other hand for any Y E: (0,l) and x E l,“\(O), 
there is m E N such that ~,,,/IJxll, 2 P, whence 
and by the arbitrariness of r E (O? 1), llP.Yll > IIxII,, which yields l/P,(/ = IIxllX. 
Necessity. Take the sequence e,! = (0.. : 0.1.0,. .), where 1 stands on the 
n-th place and assume that there exists an order isometry P of I” onto a closed 
sublattice F of E. Define zn = Pe,,. Since P is an isometry, lIznIl = Ile,,J, = 1 
for all n E N. Let us show that z,? are pairwise orthogonal. We have by 
the assumption that Px L 0 iff x > 0. Take m,n E FV, m # n. Then 
Pp’(Pe,, A Pe,) 5 P--‘(Pe,,,) = e,,, and P-‘(Pe,,, A Pe,) < P-‘(Pe,,) = e,, which 
implies Pp’(Pe,,, A PerI) 5 e,,, A e,,, = 0. Since P-’ (Pe,,? A Pen,) > 0, we obtain 
Pp’(Pe,,, A Pe,,,) = 0 and consequently Pe,,, A Pe, = 0, i.e. Pe, are pairwise or- 
thogonal. We also have II sup PeJ = 1, which follows from the equality 
P(supe,) = sup P(e,), which “will be shown in a more general case in the 
pro;f of The&em 4. This finishes the proof. 0 
Theorem 2. Let E he un MC and XT-DC Bcrnach lattice such that (E,:‘)d = E. Ij 
there exists x E E such that llxll = 1 and d(.u, EN) = (I[x]IIEIE,, = 1, then E con- 
tains an order isometric copy of! X. 
Proof. By the assumptions that E is so-DC and (E,d)” = E there is a sequence 
(x,,) of pairwise orthogonal elements in E,f such that sup x,, = 1.~1. Define 
y, = V’=, Xi. Since (yn) is an increasing sequence and k is MC, there is 
nl E N such that llyn, II > 1 - $. Define yi = y,,,. By yn, E E, it follows 
that d(x - y,, ~ E,,) = 1, 
Define yi2) = Vy_ 
whence 11.~ - ~1,~~ 11 = 1. We have x - yn, = VT=,, +, xi. 
,1,+, xi for n 2 n1 + 1. Since sup y,, (2’ = x - y,l,, by MC of E, 
there is n2 > nl such that IIyflz II > 1 - 4. 
n>n,+l 
Define y2 = yit). Obviously yi A y2 = 0. By iteration of this procedure one 
can find a sequence (y,) in E, with y,, ~11,~ = 0 for m # n and Ily,ll > 
1 - l/(n + I) for each n E IV. Now we can built a sequence (z,,) with the prop- 
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erties as in Theorem 1. Let zi = sup{yi,ys,ys, . . .}. It is obvious that J(ziII = 1. 
Let -_2 = sup{y~,y6,y10,. . .}. We have ]/2211 = 1 and ;I AZ~ = 0. Define 
ZJ = sup{y4,yi2,y2s,. . .}. Then llz3]1 = 1, zi A ~2 = zt A ~3 = ~2 A ~3 = 0 and we 
still have an infinite number of elements from the sequence (y,) which were not 
used to build zi , z2 and z3. We can define by induction the desired sequence (z~) 
taking z, = sup A, where A contains every second element from the rest 
U,“=, {yk} - lJi;i {zx_}, n = 4.5!. This completes the proof. 0 
Corollary. Assume E is a Banach function lattice over a a$nite measure space. If 
supp E, = supp E, E is MCand there exists x E E such that llxll = d(x, E,) = 1. 
then E contains an order isometric copy of P”. 
Proof. By a-finiteness of p and supp E, = supp E, we have (Ei’)” = E. To 
prove this it is enough to show that E;t = (0). There exists a sequence (A,):=, 
in C such that 0 < p(A,,) < +W for all n E N, UT=, A,, = supp E, = supp E 
and l,d,, E E, for n = 1,2.. . (see [KA], Corollary 2, p. 138). If x E E \{O}, then 
there is m E N such that ~(supp xn A,) > 0. Therefore 1.~1 A lA,,, # 0, i.e. 
.Y $ Eit. This finishes the proof of (E,d)d = E. 
Moreover, by g-finiteness of CL, E is N-DC (see [KA], Theorem 17, p. 68). So, 
it is enough to apply Theorem 2. 0 
Theorem 3. Assume that E is a Banach lattice with (Ei’)d = E and E is MC, 
so-DC but not OC. If E, is an M-ideal in E, then E contains an order isometric 
cop>’ elf e-. 
Proof. By Theorem 2 it is enough to show that there exists an element .Y E E 
such that I(x/IE = 1 and d(x, E,) = 1. Denote by L the set of these x* E E* that 
attain their norms on the unit sphere S(E) of E. The Bishop-Phelps theorem 
says (see [D]) that the linear span of L (Span (L) for short) is dense in E*. By 
E, # E, the singular part of E’ (SE* in short) is nontrivial, i.e. SE* # (0). We 
shall show that there exists X* E L n SE*, .Y* # 0. Assume for the contrary that 
L n SE* = (0) and take any y* E Span (L). Then _r* must be order continuous 
and so for any .x* E SE* \{O}, we have I&X* -_r*II = llx*II + Ijy*II > //.Y*/I > 0, 
which contradicts the Bishop-Phelps theorem. So, there is a nonzero x* E 
L n SE*. Let .Y E S(E) be such that X*(X) = IIx*/l. The singularity of s* yields 
IIs*]/ = X*(X) 5 IIx*]ld(.~~ EC,), whence d(x, E,) = 1, and the proof is fin- 
ished. 0 
Theorem 4. Let E be a Banach lattice. Then thefollo\ving assertions are eyuivu- 
lent. 
(1) E contains an order isometric copy qf I 3c; 
(2) there exists a sublattice Fof E such that (F, I/ llE) is MC, W-DC, (F,d)“ = 
F, F, # F, and F, is an M-ideal in F. 
Proof. The implication (2) + (1) follows immediately by Theorem 3. Assume 
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now that E contains an order isometric copy of IX. Let P is an order isometry 
of I” onto a closed sublattice Pex = F c E. Then F has the properties from 
condition (2). To prove this it is enough to notice that there hold the equalities: 
P(sup xn) = s;p P(x,). P(i;f x,) = i;f P(x,]) V((x,,) c P”? 
II 
P-‘(sjtp?;,) = s;p Ppl(ytt), P-~‘(iaf yn) = itff Pp’(_rn) V(yll) c F. 
We only prove the first equality, because the proof of the remainder ones is es- 
sentially the same. It is obvious that sup P(x,,) 5 P(sup x,,). On the other hand 
P-‘(s;p P(x,)) 2 P-‘(P(x,)) = x,, fo”r any n E N, w”hence P-‘(s;p P(x,,)) > 
s;p x,, and consequently s;p P(x,~) > P(stp x,). 
Hence and from the fact that P is an order isometry it follows that F, = PCO. 
Since CO is an M-ideal in P”, F,, is an M-ideal in F. This shows that 
(1) =+ (2). 0 
Remarks. It is known that in the case of the Luxemburg norm, Orlicz and 
MusielakkOrlicz spaces L+, Orlicz-Lorentz spaces A,,, and CalderonLoza- 
novskii spaces E,- contain an order isometric copy of IX whenever they are not 
OC (see [T], [HI, [K], [HKM] and [Cl). However, Orlicz and Musielak-Orlicz 
spaces L+ equipped with the Orlicz norm do not contain an order isometric 
copy of I” whenever the generating Young function cp vanishes only at zero. 
This follows by the fact that L+ are then strictly monotone (see [HK]). This 
phenomena is strictly connected with our Theorems 3 and 4. Namely, in the 
case of the Luxemburg norm, (Lp),, is an M-ideal in L” (see [C] and [RR]). 
However, in the case of the Orlicz norm, if ‘p vanishes only at zero and 
(Li), # Lg, then (Lr^), fails to be an M-ideal in LC- (see [CH]) and for every 
x E S(L”) we have d(x, (L9),,) < 1 (see [Cl). 
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